Three different profiles of the straight fin that has a temperature-dependent thermal conductivity are investigated by differential transformation method DTM and compared with numerical solution. Fin profiles are rectangular, convex, and exponential. For validation of the DTM, the heat equation is solved numerically by the fourth-order Runge-Kutta method. The temperature distribution, fin efficiency, and fin heat transfer rate are presented for three fin profiles and a range of values of heat transfer parameters. DTM results indicate that series converge rapidly with high accuracy. The efficiency and base temperature of the exponential profile are higher than the rectangular and the convex profiles. The results indicate that the numerical data and analytical method are in agreement with each other.
Introduction
Heat transfer through fin surfaces is widely used in many industrial applications. The majority of the physical phenomena in the real world are described by nonlinear differential equations, whereas large class of these equations do not have an analytical solution. The numerical methods are widely used in solving nonlinear equations. There are some analytic methods for solving differential equations, such as Adomian decomposition method ADM , HAM homotopy analysis method , sinh-cosh method, homotopy perturbation method HPM , DTM, and variational iteration method VIM .
An analytical solution for straight fin with combined heat and mass transfer is applied by Sharqawy and Zubair 1 . They used the four different profiles for the fin and compared the temperature profile and fin efficiency for them. Sharqawy and Zubair 2 applied the analytical method for the annular fin with combined heat and mass transfer as well.
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The nonlinear similarity solution in fin equation is applied by Bokharie et al. 3 . Abbasbandy and Shivanian 4 obtained the exact analytical solution of a nonlinear equation arising in heat transfer. HAM is used by Khani et al. 5 to evaluate the analytical approximate solution and the nonlinear problem efficiency with temperature-dependent thermal conductivity and variable heat transfer coefficient. Arslanturk 6 and Rajabi 7 obtained efficiency and fin temperature distribution by ADM and the HPM with temperature-dependent thermal conductivity. An analytical method for determining of the optimum thermal design of convective longitudinal fin arrays is presented by Franco 8 . Lin and Lee 9 investigated boiling on a straight fin with linearly varying thermal conductivity.
The concept of differential transformation method was first introduced by Zhou 10 in 1986, and it was used in solving both the linear and nonlinear initial value problems in electric circuit analysis. The main advantage of this method is its direct applicability to the linear and nonlinear differential equations without requiring linearization, discretization or perturbation. Rashidi and Erfani 11 used DTM to find the fin efficiency of convective straight fins with temperature-dependent thermal conductivity. They compared the DTM results with HAM. S.-H. Chang and I.-L. Chang 12, 13 used a new algorithm for computation of one-and two-dimensional differential transform of nonlinear functions. The reduced differential transformation method for solving gas dynamic problem was used by Keskin and Oturanç 14 . Chen and Ju 15 used the differential transformation to transient advective-dispersive transport equation. Linear and nonlinear initial value problems are solved by Jang 16 with the projected differential transform method. This method can be easily applied to the initial value problem by less computational work. Hassan 17 used DTM for solving eigenvalue problems such as vibration problems.
The differential transformation method is used to solve a wide range of physical problems. This method provides a direct scheme for solving linear and nonlinear deterministic and stochastic equations without linearization and yield convergent series solution rapidly.
In this paper, we extend the application of the differential transformation method, which is based on the Taylor series expansion, to construct analytical approximate solutions of the governing equations of the straight fins with three different profiles and temperaturedependent thermal conductivity. In the previous researches, the conduction heat transfer in the rectangular fin has been studied, while the exponential and convex profiles have not been studied so far. In this paper the conduction heat transfer in these two profiles is studied and their results are compared with rectangular profile results. The temperature profile and the fin efficiency are obtained for different parameters that appear in the governing equations. Some numerical examples are presented here to illustrate the efficiency and reliability of the DTM.
Fundamentals of Differential Transformation Method
Consider the analytic function y t in a domain D, where t t i represent any point in it. The function y t is represented by a power series at center t i . The Taylor series expansion function of y t is in the following form 18 : 
Original function Transformed function
The particular case of 2.1 is when t i 0 and is referred to as the Maclaurin series of y t expressed as
As explained by Franco 8 , differential transformation of the function y t is defined as
where y t is the original function and Y j is the transformed function. The differential spectrum of Y j is confined within the interval t ∈ 0, H , where H is a constant. The differential inverse transform of Y j is defined as
Some of the original functions and transformed functions are shown in Table 1 . It is clear that the concept of differential transformation is the Taylor series expansion. For the solution with higher accuracy, more terms in the series in 2.4 should be retained.
Description of the Problem
Consider a straight fin of the length L, with a cross-section area A x . Fin surface is exposed to a convective environment at temperature T ∞ . The local heat transfer coefficient h along the fin surface is constant, and the thermal conductivity varies with the temperature linearly. The one-dimensional energy equation can be expressed as:
where p is the periphery of the fin, T ∞ is the ambient temperature and k T is defined as
where k b is the fin thermal conductivity at ambient temperature and λ is a constant. Straight fin can be classified according to its profile as shown in Figure 1 . The fin profile is defined according to variation of the fin thickness along its extended length. For example, the cross-section area of the fin may vary as
where b is the width of the fin, t x is the fin thickness along the length. The t x for different profiles can be defined as follows a for rectangular profile
by employing the following dimensionless parameters:
where, A b is the base area. Thus, the energy equation for three profiles are reduced to where, β λ T b − T ∞ in which T b is the base temperature and fin tip is insulated. Therefore, boundary conditions for this problem are defined as follows:
3.11
Solution with Differential Transformation Method
By one-dimensional transform of 3.8 -3.9 considered by using the related definition in Table 1 , we have the following: a rectangular profile
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For convex profile, with definition y X 1/2 and a substitution in 3.10 , we obtain:
Taking the one dimensional transform of 4.3 , gives c convex profile
4.4
In the above equations Θ j is transformed function of Θ X . The transformed boundary condition takes the form:
Supposing that Θ 0 α and using 4.5 and 4.6 , another value of Θ i for three profiles can be calculated. The value of α can be calculated using 4.6 . Thus, we end up having the following:
. . .
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c convex profile
4.9
From the above continuing process, substituting 4.7 in 2.4 for H 1, we can obtain the closed form of the solution:
In order to obtain the value α, we used 4.6 . Then, we will have
Solving 4.11 by mathematica software gives the value of α. For the other two profiles the same process is used to obtain the value of α and temperature distribution. 
Results and Discussion
For assigned DTM results, we used 40 terms of the final power series. Temperature distribution for different values of β for N 1 is presented for rectangular, exponential and convex profiles in Figures 2, 3 , and 4, respectively. Here, the DTM results are compared to numerical data while showing a good agreement between two methods. Fourth-order RungeKutta method is applied to obtain the numerical solution. These results show that the fin tip temperature for exponential profile is greater than that of the other profiles. The exact analytical solution for fin with constant thermal conductivity β 0 for three profiles is calculated as follows:
e N e −N . where I n x is the modified Bessel function of the first kind that is closely related to the Bessel function of the first kind J n x and K n x is the modified Bessel function of the second kind that is closely related to the modified Bessel function of the first kind I n x and Hankel function H n x . 0 F 1 is the regularized confluent hypergeometric function. I n x , K n x and 0 F 1 are defined as
b exponential profile
where Γ is the Gamma function.
The comparison between the exact and DTM results for three profiles at β 0 and N 1 is shown in Table 2 . This comparison shows that DTM results are very close to the exact analytical solution, so that we can conclude that DTM is a proper method for solving linear Table 3 . There exists an indirect relation between the tip temperature Θ 0 α rise and the values of N, because when N increases, the convective heat transfer rate increases, so that fin tip temperature decreases. For investigating the effect of the different profiles on the straight fin performance, the temperature profile is presented for different values of N at β 1 for three profiles, see Figure 5 . From the results it can be concluded that, with decreasing β, the fin base temperature decreases for any profile in the straight fin.
The most important characteristics of the fins that are studied in the engineering heat transfer problems are the fin efficiency and fin effectiveness. If we define the fin efficiency η in a usual way as the ratio of the actual heat transfer rate through the base of a fin to the ideal heat flow rate if the whole fin was the same temperature as the base of the fins, therefore, the fin efficiency can be expressed as
Fin efficiency for several assigned values of β is shown in Figure 6 . The results show that, for positive values of β, the efficiency is greater with respect to negative values of β. Likewise the efficiency for exponential profile is greater than for other profiles, because at the exponential profile, the fin base temperature is greater than that of the other profiles. Of course it should be mentioned that the exponential profile with positive power a > 0 has a higher efficiency. The temperature distribution for the different values of a exponential parameter is shown at N 1 and compared with other results in Figure 7 . One of the other characteristics of the fins studied in engineering problems is the fin base heat transfer rate which can be expressed as Q b dθ 1 /dX. The variation of the Q b with N for the two assigned values of β is shown in Figure 8 . The results show that for, smaller values of β, the value of Q b is greater than for larger values of β.
The results show that the straight fins with exponential profile have higher performance and efficiency in comparison with other profiles. However, in most industrial applications the rectangular profile is used due to its easy construction of rectangular fins. The fin with convex profile has a minimum efficiency and performance for industrial and engineering applications. In the previous researches, the exponential profile is not investigated since Sharqawy and Zubair 1 presented an analytical solution for the rectangular, triangular, concave and convex profile for the straight semiwet fin with constant thermal conductivity. They showed that the rectangular profile has a higher performance than other profiles. But, in the present research it is shown that the efficiency for exponential profile with positive power is even greater than that for rectangular profile.
Results show that the variable thickness at the straight fin is very important characteristic in heat conduction problems. Also, the thermal conductivity variation has direct effect on the temperature distribution and characteristics of the fin such as fin efficiency, fin base heat transfer rate, and fin effectiveness. 
Conclusion
The differential transformation method DTM was applied for solving heat conduction problem in the fin with different profiles and temperature-dependent thermal conductivity. This method has been applied for the linear and nonlinear differential equations. This method is an infinite power series form and has high accuracy and fast convergence. To validate the analytical results, DTM results are compared with numerical data obtained using the fourthorder Runge-Kutta method. The fin efficiency and heat transfer rate can be easily obtained from the explicit form of the temperature profile. It is shown that differential transformation method has a very fast convergency, as well as being a precise and cost-efficient tool for solving the efficiency of the fin with variable thermal conductivity. Results show that exponential profile with positive power has a higher performance than other profiles in any thermal conductivity condition. In general, DTM has a good approximate analytical solution for the linear and nonlinear engineering problems without any assumption and linearization. 
